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Abstract. In this paper we study 3-submersions from a QR-hypersurface of 
a quaternionic Kahler manifold onto an almost quaternionic hermitian man- 
ifold. We also prove the non-existence of quaternionic submersions between 
quaternionic Kahler manifolds which are not locally hyper-Kahler. 
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1. Introduction 

In [22] B. Watson introduced the notion of S-submersion, as a Riemannian sub- 
mersion from an almost contact metric manifold onto an almost quaternionic man- 
ifold, which commutes with the structure tensors of type (1,1). In [TO] and [llj . 
this concept has been extended in quaternionic setting. In this paper we study 
3-submersions from QR-hypersurfaces of quaternionic Kahler manifolds, we give an 
example and obtain some obstructions to the existence of quaternionic submersions. 

The study of QR-submanifolds of a quaternionic Kahler manifold was initiated 
by A. Bejancu J4 . Among all submanifolds of a quaternionic Kahler manifold, QR- 
submanifolds have been intensively studied by several authors [U |3l [S] [9l [131 El 113 
[T5. 20 . In Section 2 one recalls the definitions and basic properties of quaternionic 
manifolds and QR-submanifolds of a quaternionic Kahler manifold. 

On another hand, R. Giine§, B. §ahin and S. Kele§ [91 have shown that a QR- 
submanifold admits an almost contact 3-structure in some conditions. In Section 3 
we see that on an orientable hypersurface of a quaternionic Kahler manifold there 
exists a natural almost contact metric 3-structure. This result will allow us to 
define the concept of QR 3-submersion. In Section 4 we obtain some properties 
for this kind of submersions and give an example. In the last section we prove the 
non-existence of quaternionic submersions between quaternionic Kahler non-locally 
hyper-Kahler manifolds. 

2. Preliminaries 

Let AI be a differentiable manifold of dimension n and assume that there is 
a rank 3-subbundle a of End{TM) such that a local basis {Ji, J2, Js} exists on 
sections of a satisfying: 

r j2 = -Jd,Va = T;3 
\ J1J2 = —J2J1 — J3 

Then the bundle a is called an almost quaternionic structure on M and {Ji, J2, J3} 
is called a canonical local basis of a. Moreover, {M,g) is said to be an almost 



2 



GABRIEL EDUARD ViLCU 



quaternionic manifold. It is easy to see that any almost quaternionic manifold is of 
dimension n — 4m. 

A Riemannian metric g is said to be adapted to the quaternionic structure a if 
it satisfies: 

(2) g(J„X, J,r) =g(X,y),Va=T;3 

for all vector fields X,Y on M and any local basis {Ji, J2, J3} of a. Moreover, 
{M, a, g) is said to be an almost quaternionic hermitian manifold. 

If the bundle a is parallel with respect to the Levi-Civita connection V of g, 
then (M, cr, g) is said to be a quaternionic Kahler manifold. Equivalently, locally 
defined 1-forms a;i,a;2,W3 exist such that: 

(3) { VxJ2 = -i^3{X)Ji+UJi{X)J3 

VxJ3=MX)Jl-UJi{X)J2 

for any vector field X on M. In particular, if uji ~ uj2 = = 0, then (A/, 17,(7) is 
said to be a locally hyper-Kahler manifold. 

We remark that any quaternionic Kahler manifold M is an Einstein manifold, 
provided that dimM > 4. Moreover, M is irreducible (if Ric^^ 0) or locally hyper- 
Kahler manifold (if Ric=0) (see [21 [6l [H [21] ) . 

Let (Af , (T, g) be an almost quaternionic hermitian manifold. If X e TpM, p e Af, 
then the 4-plane Q{X) spanned by {X, JiX, J2X, J3X} is called a quaternionic 4- 
plane. A 2-plane in TpM spanned by {X, F} is called half-quaternionic if Q{X) = 
QiY). 

The sectional curvature for a half-quaternionic 2-plane is called quaternionic 
sectional curvature. A quaternionic Kahler manifold is a quaternionic space form if 
its quaternionic sectional curvatures are equal to a constant, say c. It is well-known 
that a quaternionic Kahler manifold (Af , cr, g) is a quaternionic space form (denoted 
Af(c)) if and only if its curvature tensor is: 

3 

R{X,Y)Z - ^{g{Z,Y)X-g{X,Z)Y+Y,[9{Z,Jc.Y)J^X 

(4) -g{Z,J^X)Jo,Y + 2g{X,J^Y)J„Z]} 

for all vector fields X, Y,Z on M and any local basis { Ji, J2, ■/s} of a. 

Let (Af , cr, g) be a quaternionic Kahler manifold and let Af be a real submanifold 
of M. Then Af is called QR-submanifold if there exists a vector subbundlc D of 
the normal bundle TM^ such that we have: 

i. Ja{Dp) = Dp,\/p eM,ya= T73; 

ii. Ja{Dp) C TpM,\/p £ M,\/a = 1,3, where is the complementary orthog- 
onal bundle to D in TAf-^ (see [J). 



3. QR-HYPERSURFACES AND ALMOST CONTACT METRIC 3-STRUCTURES 

Let Af be an orientable hypersurface of a quaternionic Kahler manifold Af and 
^ a unit normal field on Af . If we take D = 0, then = TM^ and we conclude 
that Af is a QR-submanifold of Af . 
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Let {Ja}a=Y3 ^^'^ {"^q}q=F3 local bases defined on coordinate neiglibor- 
hoods U and u' , witli Uf]u' ^0. Tlien, on U: 

= ~Ja^,^a = 1, 3, 

defines tangent vector fields to M and similarly, on U : 

Ca = --^aC^Va = 1,3, 
defines tangent vector fields to M. 
Moreover, on U f]U we have: 

3 

= ^Ca0^i3,'^a = 1,3, 
/3 = 1 

where C — (cct^)^ 13=13 ^ SO{S). Thus, we obtain a distribution V on M, which is 
locally generated by {S,a}a=Y3- ^ ^^"^ orthogonal complementary distribu- 
tion to V with respect to the Riemannian metric g induced by g on M. We remark 
that for each p G Af, Hp is Jq,- invariant, Va — 1, 3. 

We recall that the distribution V is integrable if and only if M is a mixed geodesic 
QR-hypersurface of M, i.e: 

(5) B{U,X)=0,\/U €T{V),WX eT{n), 
where B is the second fundamental form of Af in M (see [1]). 

Definition 3.1. [7] Let M be a differentiable manifold equipped with a triple 
((/), ^, r/), where (f> is a field of endomorphisms of the tangent spaces, ^ is a vector 
field and 77 is a 1-form on M. If we have: 

(6) ^^^-I + v^C, = l 

then we say that (0, ^, rj) is an almost contact structure on M. 

Definition 3.2. [16j Let M be a differentiable manifold which admits three almost 
contact structure ((/'q,^q,77q), Va = 1,3 satisfying the following conditions: 

(7) 7/„(e^) = 0,Va^/?, 

(8) Mip) = -MU^if, 

(9) 7-la 0(j)p = -T]i3 O = 77^ 

and 

(10) ^Qf/*/? - ?7/3 ® = -'/'/S'/'a + '7a «)^/3 = (/-T, 

where in ([5]), Q and (a,/3,7) is an even permutation of (1,2,3). Then the 

manifold M is said to have an almost contact 3-structure {(IJa, £,on'na)a=T3- 

Definition 3.3. [TB] Let (Af , g) be a Riemannian manifold, endowed with an almost 
contact 3-structure ((/lai ^qj '?a)Q,=i~3 such that: 

(11) r7„(X)=g(X,ea),Va=T;3 
and 

(12) 5(0„X, 0,y) = 5(X, Y) - r,„(X)r,„(y), Va = M 

for all vector fields X, Y on M. Then we say that M admits an almost contact 
metric 3-structure. 
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Definition 3.4. [7] An almost contact metric 3-structure {<j>a, ^a,ila)a=T3 ^ 
Riemannian manifold (Af , g) is said to be a 3-cosymplectic structure if: 

(13) (Vx0«)(r) = 0,(Vjf77„)(r) = 0,Va=T;3. 

Let M be an orientable hypersurface of a quaternionic Kahler manifold M . If 
S" : TAf — > H is the canonical projection, then, we have that any local vector field 
X on Af is expressed as follows: 

3 

(14) X = SX + Y,VciX)^c„ 

a=l 

where: 

(15) r?„(X)=5(X,ea),Va = T;3. 
From p4p we have: 

3 

(16) J^X = J^SX + Y,Vf!{X)Ja^0ya = T;3. 

13 = 1 

From (jl6p we obtain the decomposition: 

(17) Ja,X^(j)^X + F^X, 
where <j)aX is the tangential part of JaX, given by: 

(18) ^a.X^J,,SX + r^fj{X)C^-T^^{X)Cp, 
and FaX is the normal part of JaX, given by: 

(19) FaX^f^aiX)^, 

for all a = 1, 3, where (a, /3, 7) is an even permutation of (1,2,3). 

By straightforward computations, we can easily see that ((^q, ^a, ?7a)a, defined 
by p5| . (fTSjl and (fT9|) . is an almost contact metric 3-structure on Af (see also [9]) 
and so we have the next result. 

Proposition 3.5. Any QR-hypersurface of a quaternionic Kahler manifold admits 
a natural almost contact metric 3-structure. 

4. 3-SUBMERSIONS OF QR-HYPERSURFACES 

Definition 4.1. Let Af be a mixed geodesic QR-hypersurface of a quaternionic 
Kahler manifold Af , endowed with the natural almost contact metric 3-structure 
{4>a,S,a,ria)a=Tz^ givcu by Proposition 13 . 51 and let (M' ,a' , g') be an almost quater- 
nionic hermitian manifold. We say that a Riemannian submersion tt : Af — Af ' is 
a QR 3-submersion if the following conditions are satisfied: 

i. KeriTf, = V; 

ii. For each p e Af , cr^(p-) admits a canonical local basis { J(, J2, J3} such that: 

7r,0ct = JaT^^j^a = 1, 3. 

Remark 4.2. We recall that the sections of V, respectively Ti, are called the vertical 
vector fields, respectively horizontal vector fields. A Riemannian submersion tt : 
Af — >■ Af' determines two (1,2) tensor field T and A on Af , by the formulas: 

(20) T{E,F) ^TeF ^ h'^^EvF + vVyEhF 
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and respectively: 

(21) A{E,F)=AEF^vVhEhF + hVhEvF 

for any E,F d T{TAI), where v and h are the vertical and horizontal projection 
(see ^EM)- 

We remark that for U,V ^ r(V), T{jV coincides with the second fundamental 
form of the immersion of the fibre submanifolds and for X,Y ^ r(H), AxY = 
^v[X,Y] reflecting the complete integrability of the horizontal distribution 7i. 

An horizontal vector field X on M is said to be basic if X is 7r-related to a vector 
field X' on M'. It is clear that every vector field X' on M' has a unique horizontal 
lift X to M and X is basic. 

Remark 4.3. If tt : Af — )■ M' is a Riemannian submersion and X, Y are basic vector 
fields on M, 7r-related to X' and Y' on AF , then we have the next properties (see 

i. h[X,Y] is a basic vector field and Tr^h[X,Y] = [X',Y'] o tt; 

ii. hCVxY) is a basic vector field 7r-related to V^,y, where V and V' are the 
Levi-Civita connections on M and M'; 

iii. [E, u] e r(v), vc/ e r(v) and e r(TAf). 

Proposition 4.4. Let M be a mixed geodesic QR-hypersurface of a quaternionic 
Kdhler manifold {M,W,g) and let {M' ,a' , g') be an almost quaternionic hermitian 
manifold. If tt : M ^ M' is a QR 3-submersion, then the distributions V and % 
are invariant by (f>a,\/a — 1,3. 

Proof Let V eT{V). Then, we have: 

and so we conclude that (f>a{V) C V. 

On the other hand, for any X E r(H), we have: 

g{(j)^X, V) = 5( J„X, V) = -g{X, J^V) = 0, 

and thus we obtain (paiH) C H. □ 

Theorem 4.5. Let tt : M — > M' be a QR 3-submersion such that the canonical 
almost contact 3-structure (</'a, ^q, '7q)q=]~3 on M is a 3-cosymplectic structure. 
Then M' is locally hyper-Kdhler. 

Proof. For any local basic vector fields X, Y on M, 7r-related with X' and Y' on 
M', from ([13]) we have: 

(22) Vx(l>c.Y - cjy^VxY = 0, Va = M. 
and from (|22p we deduce: 

(23) 7r,(Vx0ar)-^,0„Vxy = 0,V«=T;3. 

Then, since F is a basic vector field 7r-related with Y\ also (t)aY is basic and tt- 
related with J'^Y' and taking account of Definition 14.11 and Remark l4.3i we obtain 
from (f23| that we have: 

Vx.J'^Y' - J'^Vx.Y' ^Q,ya = T;^, 

and thus we conclude that {'^'x'J'aW — 0, and so A/' is locally hyper-Kahler. □ 
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Corollary 4.6. Let M be a totally geodesic QR-hypersurface of a quaternionic 
Kdhler manifold [M,'a,g) and {M' ,a' ,g') he an almost quaternionic hermitian 
manifold. If t: : M M' is a QR S-submersion such that ^1,^2 o,nd ^3 are parallel 
in M , then M' is locally hyper-Kdhler. 

Proof. In this case i4>a,£,a,Va)a=T3 is ^ 3-cosymplectic structure on M (see [3]) 
and the proof is obvious from Theorem 14.51 □ 

Theorem 4.7. Let AI be a mixed geodesic QR-hypersurface of a quaternionic 
Kdhler manifold {M,a,g), [M' ,a' ,g') be an almost quaternionic hermitian mani- 
fold and TT : M — > M' be a QR 3-submersion. If the natural almost contact metric 
3-structure ('/'a, Cqi '7a)a=Tl3 ^""^ ^ 3-cosymplectic, then the fibre submanifolds 
are totally geodesic immersed and the horizontal distribution is integrable. 

Proof. Since M is 3-cosymplectic we have: 

(24) Vc/0„F = 0,Vc/^,Va = T;3, 

for VC/, V e r(V). Taking the horizontal components, we obtain: 

(25) Tuq^cV = <j)c.TuV,ya = M 
which immediately implies: 

(26) TuV = -T^^u^cVya = M. 

From taking account of ([Ij, we obtain T = 0. Similarly we obtain ^ = 
and the proof is now complete, via Remark 14.21 □ 

Let M be an orientable submanifold of a Riemannian manifold {M ,'g). We say 
that M is a totally umbilical submanifold of M if the second fundamental form h 
of M satisfied: 

(27) h{E,F)^g{E,F)H 

VE, F G T{TM), where H is the mean curvature vector field on M. Moreover, if H 
is nonzero and parallel in the normal bundle TM^, then M is called an extrinsic 
sphere. 

By using the Gauss equation, dU and the Gray-O'Neill equation (see O [3 [ITl 
I18j). we can easily prove the next result. 

Theorem 4.8. Let M be a QR extrinsic hypersphere of a flat quaternionic Kdhler 
manifold {M,a,g) and let {M' , a' , g') be an another quaternionic Kdhler manifold. 
If TT : M AI' is a QR 3-submersion, then AI' is a quaternionic space form. 

Example. Let ^"^"i+s standard hypersphere in Then the canonical 

mapping tt : 5'*™+'^ P"''{II) is a QR 3-submersion. 

5. Quaternionic submersions 

Definition 5.1. [1^ Let {AI,a,g) and {N,a',g') be two almost quaternionic her- 
mitian manifolds. A map f : M N \s said to be a (cr, CT')-holomorphic map at a 
point a; G M if for any J ^ exists J' G f^j.^^ such that /* o J = J'o/^. Moreover, 
we say that / is a (cr, cr' )-holomorphic map if / is a (cr, cr' )-holomorphic map at each 
point X E AI. 
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Definition 5.2. [11] Let {M,(T,g) and {N,a',g') be two almost quaternionic her- 
mitian manifolds. A Riemannian submersion n : M ^ N whicli is a (cr, ct')- 
holomorphic map is called a quaternionic submersion. 

Theorem 5.3. Let tt : {M,a,g) {N,a',g') be a quaternionic submersion such 
that {M,a,g) is a quaternionic Kahler manifold. Then {N,a',g') is a quaternionic 
Kdhler manifold. 

Proof. If we consider X*,Y* G r{TN) such that 7r*X = X*,7r*y = F*, where 
X,Y e T{TM), we obtain: 

- TT^ihVxiJcY)) - 7r,(J„(Wxr)) 

(28) =7r,((VxJa)r). 

Since (M, a, g) is a quaternionic Kahler manifold we have ([3]) and we can define 
1-forms uj'i,uj'2,uj'^ on N by: 

(29) w;(X,)o7r = w„(X),Vae{l,2,3}, 

for any local vector field X^, on and X a real basic vector field on M such that 
7r*X = A,. 

From 0, (IMl) and ([291) we deduce for ah a G {1, 2, 3}: 

(30) (v:^, - u:'^+2{x.)JL+iY. - a.;+i(A,) j;+2i;, 

for any local vector fields A*, on M' , where the indices are taken from {1, 2, 3} 
modulo 3. Thus we conclude that (N, cr' ,g') is a quaternionic Kahler manifold. □ 

Corollary 5.4. Let n : {M,a,g) {N,a',g') be a quaternionic submersion such 
that (AI, (T, g) is a quaternionic Kdhler manifold. Then, both {M, cr, g) and {N, cr' , g') 
are locally hyper-Kdhler manifolds. 

Proof. In this case we have that the vertical and horizontal distributions are both 
integrable (see [H]) and so we can easily conclude that {M,a,g) is a locally hyper- 
Kahler manifold. The assertion follows now from the above Theorem. □ 

Corollary 5.5. There are no quaternionic submersions between quaternionic Kdhler 
manifold which are not locally hyper-Kdhler. 

Proof. The assertion is obvious from the above Corollary. □ 
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